
General Relativity

Lecture 1 1 | 2Fabio Cufino




























































































































1 Introduction

General Relativity is not a QuantumTheory

Useful Notations

1 Event A physica occurrence at some point in Space and time

2 Observer A reference Frame
IVP we can swath observer through coordinate transformations

3 Local time Each observer is equipped with an idea standard docet and he
can assign a temporal order to events

He can tell if an event comes early than others

4 Worldline The path that an object follows in spacetime

the EIvalenceprinate
1 Galilean Version

t.IM Gntationd mass

Tells howmuch a objectresist to something2 È MÈI inertial mass
The 2 equation Eve FUNDAMENTALLY different objects

Empirically Mi no Some experiments did that

Consequence D Universally Free Fall allthe objects Fallat thesame speed

2 Einstein Version

a èn Case 0 Elevator in otherspace free of all forces

M.p Cre Eticheother space uniformly accelerated

È case Età gef.seetEIetn Einstein Principle
Pmoves towards bottoneYou cannot distinguish

betweenthis 2objects7 E
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Gravity does not depends on the mass

Solving case 1

LLA Igt EH g and Z Z IgE
E _t ignore relativisticeffects

In R F me
in R F _me me mg D F F mg Theacceleration of R'respect R looks

like gravitational force in R

Case3 Elevator in the Earth Field and out the rare
TESI is equal to O

o this explain Einstein Principle

No physics experiment can distinguish locally
between a uniform grufield acting on the
local inertial observer and a uniform accellention

withrespectto thatlocalinertial observer Thelocal
inertial observer isthe one Forwich SRholes

Yes but whyLady
E Thegravitational field change

in space everythingmustbe done
I 10cL

Eruth a

Light Discussion

d In an accelerated reference frame
the elevator move Light band on the action by a grantatrol

mmm Field

light exit a little bit lower
D

to Light Bends
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Grantationel Redshift
a a

µµ e
me

times of Flight Aeeg
Velocity increase for Pia

Angst D Av F
p Doppler shift

fà
e 1 DI 1 21

Because of the equivalence principle
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2 Special Relativity
1 Events single point

5,43 17 where X at
Jia e position space È

This is how we label events on Minkonsky Space time

2 Distance

45 12 1 ELIF LINE ELEMENT

Alternative conventions d cita 269
3 manixtenso

naifO 1 0 0

Using that the LiveElement is ds qua did

4 EINSTEIN Summation Convention

Repeated indices are summed
difynodriola

5 LORENT TRANSFORMATION

Transformation
L'NEAR Tant'moons Lorenz Transformation

Leave d'Invariant a DX LIX

such that als quota Ignolandaiedsa
nel It It LÌ

It's a consequence borse
consequence Yao2743 Rap We already know tht it'sinvariant
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6 LORENTS 7 TRANSLATION POINCARÉ

o 242 9

Inertial reference frame are related through Poincaré Transfountio

là
Lover Poins Transformations Form a Group

7 DISTANCE OF 2 EVENTS

if DX 0 0 PO Time lite separated
iii

it An o ora Fine
Ètà

ly

8 Parametrize Curve

A 04471 MEIER

Tangent Vector
U nove owatvin djp.aeda

N.B We can reparmetrizearves writing I V17 E JER

D C CON J CCI

Basically THE CURVE remain THE SAME

Common chaise
y a pugni Propert

but why it'sgood it'stime measured by an observer in their own Frane

It's Lorents INVARIATI other merciesaffect time
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Tangent vector of I parametriesnl cerve

I Innate EHI
g LORENTZ E

piu Vi
10 SCALAR Product

Two vectors VW components VIN
2mVV'wo
quanno

Lorent Invariant GI Èmv party a
Norm

11 Corrector Transforms conjugate transpose of L A Lt a

LIL L A YLE
In index notation VI_Ava 2

Ai qual 4
Covectar lower indices

Corrector examples

e Ma LapV with Lorentzvector

check if it's a corrector using 2 ah_ rap
Inspire not

But Ma Raph D Vent'a

muggine
in
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2 Partial derivative of asoda function

Wu Ign is a corrector 412 scala function

Ex prove it

i Vector exist regardless of basis

ya egg

basisdependent
basisindependent components

Lovents pg tensor object that transform as a product of precious
and g corrector the TE

T LI LI iI ni t i
Examples

1 Dal 0,2 tensor

4 4 12,0 tensor

3 81 1,1 tensor

Using this we can associate Covector AD Vector

Un Va Rav
Un Venivo

Additional property L Roy 8 Chronekdat

4 Suns of Lp tensors Lgp tensor

5 Given V W Up UN'Ug is a 31 tensor
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WORLDLINE OF MASSIVE PARTICLE

Assuming that 11472

Velocity N GLI Lorenz Vector normalized as Va E

Acceleration a 0 off for free particle 270

For an accelerating observer 2 Va 0

Action

For a Free massive particle

Se mafia mefludeida
Reminder useful due to leastaction principle

With respect to an arbitrary parameter 1

s piada where La metrardjIII
if we chose A t then

Le me 1EE Jeff
Momentum

Pu ftp.mqnox Pompose

Components P E P mtv o 1,23 latinletters 1 03
letters o 03

where a f off and E mie

P'Pa M'e E ME PE
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In Genere Relativity SpaceTime is a XD NAMED

Definition Manifold M

M is a differentiable manifold M of dimension he IN

i Mis a Hansaudd topological space define neighborhoods which are distinct

ii 7 a Family of open sets vi è eIlset ofindex which covers M Gelli M
Then we spaces that covers all the manifold

iii Each set Vi can be mapped onto open subset of IR through a continuous

INVERTIBLE map Di Vi D UiCIR

in Given 2 sets ViUjCM with Vino ed the map Mise editfrom
d vino D G Vinyl is infinitely differentiable

Terminology

CI A pair Vi di v3
9

Alt The set Vi di

le è

i
Coat In IR di is represented by a setof

EES XIA XP Peli
M M amma Atlas

This definition is telling that if I consider a differential Manifoldah

i can do
I can rope locally WPEN to IR do NORMAL TENSOR caucus manback

to the manifold move around bygoinginto different neighborhood subspaces define

coordinates by again mapping into 112 do Normal caucus andso on

M Locally Looks Like IR
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Definitions
Scala A scalar in Space time is a smooth map S M DIR

To each point per il associate a number SPIER

a Every observer
agree on P inallthesystems

Under a coordinate transformation X X we have S X Six

È È
M

Curve A parmetrised are on

oggiei
a smooth map c IER M which

any real AEI parameter associates a point in 14
M

a e

µ
1

DIECI
0

Co vector A contravariant tangent vector

il da nome X
oro

Example
d'me II d

The set of all E vectors is called Vector space Tp Tangent Space

Analogy V V der
C
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ii A corrector is an object whit components Vi transforming as

vi di
Covectas form a co tangent space

Tensors A pa tensor is an object with components

ti on
n qt.toOxa IIII 0am Tensor

Ente tracker 8 fa

4

nel

8 dami p io

11,11 d II II 85 B invadingboth e

tersa

Ente Given aveva

gift

a 2,01 tensor

reagire weeidziò ad
Tensor

auctions with Tensors

Multiplication by GEIR

if T is Pig T a T is Pig T Ka EIR
s Addition of pag tensors Pig tensors

i Tensor Product V WU VOW W TI
Contraction of indices Tam me

amo Ds età
IMI elimthatIndex

Covariant Differentiation SLA V4 TA
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Einitign METRICTENSOR GAULT
A caz tensor field with two basic properties a it describes thegeometry

of themanifolds
1 guitti e ganci symmetric

a it definesthe scalaproduct

2 detIgnota o non degenerate

it preserves the line element under X 07

dsih
gnodxmdyddskxtguoixiob.mn

xid ds
Exercise Show that fad is o tensor

di gaucadrida

di giocatori da

but da dj da da gigolo
and die if da died da

33 dai gnocxidfidgfpotttolx.io
I

arcadffaffodiola
Jon we have als ds so

gioia ftpfgapcxi con tensor

Definition Avverse Metric

grog 8

Raising Lowering indices

1 From a rector we can construct a corrector Un fai V1
2 Given the inverse metric a corrector Un we can construct a vector V12 vi
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MANIFOLD
D

s

E E
Va and translate it here Va

We want to do the same in MANIFOLD

i Nowon a surface i want to do the same so iconnect the
i 2 points and translate along LEI Va becomeVi

anno ga ga a aggia a aggeggi aye

The Final vector depends on the PATH

Considering a vector A with components A the dott is tensor

So
di piega

d

è
È t.li Ag

fff 0aA ff ffy.A
te

D Partial Derivatives is not a Tensor

Theorem For every metric gun it's always possible to find coordinate

Riemann norm coordinates such that at one point P Xo O Xo

1 giudici Yao
a Oggi lato
3 dgido.lu O unless thespace is flat
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Definition Covariant Derivative

Dat Edati gi
a

Demand to be a tensor

Howmuchthecoordinatechange 1 christoffer symbol

Afine connection cnet.tk
Howmuch thevectorchanges

Christoffer symbol is a tensor

Answer là Nol Tensor Proof why

Useful relations

1 Dov'edev IV
2 V Ef V KYIV
3 Vi già va igni
et oh HIT Ti Yet
Briefe Devi

E arte.ir

let's see

if arte iii e
Fromlastpage I

aw Yè artefatti
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II E

aree arte offerto Ifa
Using DEI
Dur dev off Yi Iffhs L A

And Dov dov III 1

and must hold VI so

si f ifeng.gg e va

inietti
Consider his Fai fai

Tu E _IL Torsion Excuse Prove T is a 7,2 tensor

I ti iii hi fi
1 già p
teff IIII di c a tensor
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Definition PARTADerivative Alona Anomie vector

DAV A'DON

Definition Covariant Derivative of pg Tensors

e Du is a liner operator that takes pg pigra tensor

2 If S is a scalar Dms Us

Adula B D A BEI H Dub

Note That Dalli dalli Iva Un Gnu

Jim Scalar AB but DHABI dalloBl
EDMAIBITAIIDABI

ILDAB AuldnBltlfB DABA

HDMAAITWBAAUIIBE.UA

B9nDDaAoBStAO B_Gatto B
Exe Provethis

DualB KANBE A IIB
If Consider Dur se 1 2 3

gg

ai

Covariant Derivative of pia tensor

Dati IT LITI hit
IIT Titina

il Da commutes with index contraction

il Bagno o

d Da commutes with raising and lowering indices

in Dm commutes with scalar Dudu S DoDMS
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Christoffer symbol

Duggredngg taggare piaga e

Degra dagru Tiga ti o

Drang dagag Fè Ff E o

Reminders Gad Gon no In Gr we always consider torsion Free

So D

Ti L dggrutdrggn dn.gg 8

gas

Yugo e targa e
12 dog tolgo Inger
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Zille Transport or Covariant DIFFERENTIATION ALONG TUE CURVE

Let c Iast ER UCM be a parametrised curve in an open subset of M which

ha given coordinate system reads XM dell
Wesay that ai vector V is paralleled transported along C if

DII Il Dov o everywhere alongthecurve

the one Inf TangentVector
to the curve Parallel Transport preserve
Velocity

Using Dafni o we have
GÌÀ_constant

also gaur U const Scala Product

2150

a tweet che conduit.FI eodI
Covariant Acceleration

a DII DII In_di
Tx

Interim v'Darr

Definition Geodesic

III
It's a curve OF ZERO Acceleration
Is what would have been a strict path in a flat space
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LET'S SHOW THAT

ds gapdy'da
da d5

LAB PIE ftp.dxidxiT

Consider Worldline Y'e l a from Go to T 1

am Ita È dritti do

Lets consider a_p LE gap HI _ÈLagrangian

Noto that E f fiato we have LE LE É
EULER LAGRANGIAN EQUATION

E kit
L'TERM

EYE LI E LELE a SE
L'TERM

IL
oc.iodNI ELE YFLtYFE

in III

III La
ad Metric is simmetrie

Itard
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Devotio of I'Teva

Ikea ITEM
e
YEAH

ITA IIII
IT'adf.io YI E

Ita EILIÉII
Lagrange Equation

fittar D D

E IIIE
a II Il 097 097 É É

III o È É
1 1 dà

II IT dà
D

If we define La E it's been shaven that also satisfies El Lg
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Geodesics of flat St in cartesian Polar coordinates

di dxtdya dratr.tl

i Catesizngxx1ggy19h
o Jgx ga 1

gg 1
Dy o gg

a Polar gg p are o ser i gg L grato ser

Geodesic equation

e Cartesian

All Cymbals are zero gno 8m Andato o

d d9
da fa

o

2 Polar

Ore O

drGea a

tuner
or fra o

TE r tie I tir I Gmmdd

dà 1 cftp.o i rito

II 24dg è zia o

Even in FlatSpree There rue
o ChristoffelSymbols
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Transport Vectors on curved space

FÉE
è

Remind Dov far II U

difDov o Parallel Transport

Figgil Parallel Transport along P Da

IIDor YIDam VIRU O

so l'IDV o II dev 15hpm

gel tiri fitte perdita
Vico VIP frivola i

Vica VIP PRIVATI A

ii Paulet transport A Dp This constant

Like before

II Dallo dj dev 1in
0

Vita Vica fi IN da lana
Ie
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iii Pallet Transport Pass

Veils vice Évolin Ed

il Packet Transport SAFI
Vial

rieslIIItan
We went to calotte differences

VIERI VIERI VELA Ia VISI Io
E VII Ia Ia E I Io

E Ia Ia Ia Ia

inEEEE
In the limitIl'andLlavesmall we can tra integrals

1 www.ekvl.th.IM
1 e IVI.tt lt rI E

so
Io 84 I tir di

Isa RITE 1 di
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Forsmall 82 we consider the integral to he constant

Insenioattatevi
Isa e 8 8 2 IO FEDE

Open up the patentesis

Ia 8 8 2 data V III V'I

Using II Air
I_gerarchie 1ITL V7
8 8 241 FÉLIX swapped a anda

Similarly

Io dentisti titini
Inthe end

Vila Vicetone dati dati 1ITL 11115 Va
Butnothing speedin 102 III

VELA VIR JXTXIRI.IR VIP
Where Roma P is the Riemann Tensor

Romolo DI DI AIT It
Properties

a Is a tenso
1 Rango Routy River Rari Rago o

Rudere Rong webpage

sottosterzo

4 Rubo Roni
5 Bianchi identity

DeRIgr DeRura DORIE O
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See Ricci Tensor

Ruo gl'Rush Ring

Pratt
symmetric 10 indentcomponents

Sei Ricci Scala

Raga Rod

Einstein Tensor

Bianchi DeRnugr DaRuota DORME O

I many times g g
II DaRuertdeRmura DaRauf O

UNTA MIA

g DARA 2USDRua godoRua O

DAR DRA DRA O

DAR 2DORA O

FIR
So D RAT EGAR O

Covariantly Conserved D'G O
i It's tue alsofogne D'gno o

D Gar Agno o

Cosmological Constant

DarkMatter
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Geodesic Deviation

Lo parametrized by 1

T dx tangent vector

Consider 23 Family ofgeodesics parametrized by A

which geodesic parametrized by s

i from

awhich whereon

gas geodesic

If X 5,1 ove the coordinates of geodesics in 213 the tangentrector

TI DICA
N.B.FI is aGuapatime then T velocity

We can define a Deiva

II DÌ AD define some sort of velocity between

geodesics

Relativa Acceleration

A T'DALT'DAII
between 2 neighboring

he an show that quepay ypg
Express the relative eccetera

geodesics is proportional to
the curatore
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In Weak Field limit

Goo It 210cgzforthond
potential

a

Acceleration involves

gift Tidal Force Tensor Di

In empty space AI 0 ED È Dii o

Riaa FIP 0
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Newtonian emptyspace

tie o

Newtonian empty space introduceMatter

TIE cont f
Have we are trying to obtain the same equationbut usingtensor

1 Volume Elementtifi not invariant under coordinate transformation
A transforms likethis d det off di

Metric Tensor Transform

g'no fiuffoger o detigiol te offdet gol
with this knowledge we conclude that

die oh

I
Since are detta dI D d di

3 GAUSS THEOREM

IEEE
foto D A PATERA
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A Density

n 3Dspace a density g Neffolli

paridi did
Volume element is s t slice whit tro

ggg
da du O ad AN gran patite in 30 volume

Implea PARTICLE NUMBER DENSITY

aldline

AN n oh no numberof wolollineslaketttàsted

t viii
PARTICLE is a phisyes object Donot Change

Consequence Visdisc V'is a surface natiche that crossViakaisaossi

If Uand U define an HypervolumeH by Gauss Theorem

Padania'H
o Hiv LEO

F we were in Minkonsky space dente I in continuity rebban

we could also write Michele

In the same way we can think about otherquantities
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Stress Energy MOMENTUM TENSOR

utile at velocity eLII e dj pt carries a 4momentum pena1,44N

Question Tell momentum thigh a surfaces
To count natiche in a spacetime surface we needed a Numberflux 4vector

Answer P pT'dovo Now we need a Tensor

Let's consider an ensemble of pratiche

Thenpiu 4mW Flow of µ momentum going through a

Txt unit box of constant I

T'E Energy density

TE Energy density Flow in direction i

Ti Momentum Density

TI Flow of i th momentum in f th direction

iii
iLet ij dpi o Momentum transferred to surfaces

T'i o D pressure inthebox
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Conservation law

Assume that allparticles have same velocity travel along geodesics

a EI Divino

Particle don'tappear disappear Du natrix o

Data Du mnaivril mwdufskdltmnaYD.IN
2

Datato
Special Cases

Il IMMOBILE D
set of particles al Worlollines

Ttt f Restmass density

21GENERIC DUST

For observer moving along with thedust V7 1,010,01 tuguri
v oceani T P

fàNonzero stress mass current

Il STATIC MONOENERGETIC GAS

Some V condom orientation

VWetc o when divagld

vi v2

ti
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Il STATIC IDEAL GAS

V follows statistical distribution Ti p

gO

VI 1,00,0 and quedig 1 2 4 2

T ftp unpo_18W Also valid for observer traversing the

gas at some velocity

Il Radiation Pr E
TU 913

913
g
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Gravitation
We are tying to obtain

II tà g E GLI bit in area spacetime

Let's define the Newtonian limit

There are various requirements
Metric is a perturbation offlatspace
Keen only terms anto liner in how derivates1 Weak Field 2nd Unothesmall Perihelion

Note statement about field coordinates the matre t
t

g No no
CITATE HAI OLA

4 Small velocities If 1 a faie II Maung Sion

3 Stationary Fields degno 0 ED John 0 Unchangingwith time

Geodesis

TI IE
And Rod

foie Iliagontinga 0 800 8

hai We should III och

Why only l'order in

THE Weak field have allowed and

Clyth1
no ORA o g n

WerkField ti Eldahootdohan dahan 4

Our goal is to go from the equation of motion in General Relativity (Geodesis) to the 
Newtonian equation of motion
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Going Brett on geodesic using
SMALLVelocity

Ifts sto
The ten ti fino

This means that we only have to compute 1

Ti gg g Ho 0080

Itaca stoicandition III l'dhoo
sgg Inédito

l 12,3 Noo

Se TI O TI dihoo

So Che geodesics equation
Splitting Tempora Spatial Pat

Ifts II o
E dei
se ti I'ho E

saria

at hEF IitIo nei
diff fino

Tensovial

way

And we've done because dj tà dif die

With that we can identify LEI gotiche
Newton Gravity can be reproduced by usingthemetric

ds Itzealdt dà
E stoffffo the
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The Einstein Field Equations

Newtonian mechanics DI Fess
density

Then we discovered
Joo 1 20

Identity Too f D 17800 8TGato

Search tensor Relation En Infatua

What is Eno

Sensible requirements

e End is tensor

2 Must involve either second derivative or first derivative squared

3 End is simmetrie

4 Covariant Conservation D Da Elo
5 In the Newtonian Limit we must have Era 7200

we are trying withthis

4 Rewrite as Eau aGao ognor Remember D'gun

È

a

For D'Eau o we must have Cheteognor DOR O so we have

2 Solutions
DOR O

EI

Physically inconsistent End IIII È Mère if

The T should desubegenere
distrhtion cannot he constt
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So En aGuo To find a go to Newtonian Limit
e WeakField Chageframpia

keepterms un to linea in h withgave4th

2 Time indepent metric dodo donna o

3 Non relativistic source Too f Tutto otherwise

Only need Eco 2600

800 Ro I Ezra linea in h D goo hoo 1 D Goo RooERWestfield

Tig o DGg o xD Ri Ig R D Rig EGR
IstminkPat

D R G Rai YURI Roo ZR R ZR

DGOO RootER 2Roo

Roe RIM
Excuse
Show that for time independent Fields in the West limit Roo 1 DI

All inc4 Goo 2Roo tifo
For o to hold D Ero Igor ED aGoo TIO ED a 1

Rai Lgaur 8amTuo Estein Egidio

Tellus how the ante of spacetime reacts to the presence of energy momentum

Used FOR CALUCATETHEMETRICTENSOR CALCOLATE CHRISTOFELL SYMBOLS D DETERMINE HOW
objects Nove

Lecture 9 4 | 38Fabio Cufino



 

SCHWARZCHILD SOLUTION

Sterically symmetric Grantland Field

Relevant situation to describe the Field createdbyEarth or Sun

In this chapter Simplecase of vacuum solutionwith perfect spherical Symmetry

Recall Eistein Equation Guo o let's work in Schwartzchild convolutes tir 0 a

From movements ofpatties we can try to know how space is curved and therefore What
is the distribution ofmass

The Such coordinates are

i 1 311

in Of spherical symmetry

iii Static

Fann ii ad iii

tir e al d tiri e e di D
Fami

tir e al tre e giu and

tir e al C tir e glu gno Fuan iii

But far is a Coal tensor so we can unte

Juve II.in igap General Transfer Law

Then as an example

ai III a sto a

Bit giu gno D fu o Fifa
dà dà

E II 243 22 In
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Similarly fato tuta gi o fits gno o feed

And is Diagonal in this coord system

l'u Also implies that on each radial line 8,4 const get and art can only
depend on tir
Adding iii we can conclude that get for onlydependon r

On each hypersurface of recast themetric must be thesame as the one
on a sphere

Ede Aude Badr Eterna
Now we went AH BEH

Became dt and do are Multipe bythendiois we don't have neither propertime or
properdistance in the line element

Vote that

Go o D 2 Gno O D 2 Rai Igor O D R ETR O

R O D R O

Called Ricci Fiat Manifold

hesteps to solvethe egerton are 1 Christoffel symbols
2 Computing Rigo
3 Computing Rau
4 Solve Run o
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CHRISTOFFEL SYMBOLS

2 ways 1 Brute Force
2 More Practical

Consider 3 Things

e Geodesic Equation

II e
2 Lagrangian

1 In S
3 Eden Lagrange Egations

iI He am è

We can derive from and

During this derivation we willencounter

Itami III invito a

The method is stat from ant try toget a farm like

È fermarti o

Then from such an equation we can directly read the ChristoffelSymbols

We can get

Hetty ti F EI è E
TI rsi 1 I Ti sinecose

TI 1 f I T costo and A'Egypt Remainens O
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RIEMANN TENSOR

In this case in unnecessary
because of what happens to the Ricci tensor

It can be directly computed from Christoffel Symbols

RicciTER
Remember that Ra RI dato difatti Agfa
So we on compute Ruo directly From the metric We obtain

Ii iii
it III è

RI RI II 2ft B 1
FB

SOLVE RI O

RI RI RI RI o is indipendent of AA A

All of the terms are O blouse of RI o thesubtractionwillbe o too then

RI RI RI RI o III 2 0

ftp.atdfio Berl ftp.jtwhae a e

Vow we consider another combination

RI RI o sta II o di dj o A B constant

Physically this metric is a candidate to describe the space around a static and symmetric
object

ANY MASSIVE STATIC OBJECT
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The boundary condition will be

ACH D E

Ben e I E As raro ogni
Finally Tale Efta Iz
This should also reproduce Newtonian Limit

We can impose that it vede to Goo 2 where is the Newtonian Potential
D GN r

Putting everything togheter we find a

d f zggpidttf zggjdrtr.de sineda
SCHWARZCHILD METRIC

Fanotation B 262 is the Schwarzchildradius or S vetus

BIRKOFF'STHEOREM

It state that spherical symmetric solutions of the vacuum Efe's is necessary static

Let's see the behaviour of the Sch metric

i There is a singularity at reo

ii Apes to be a singularity et vers

iii The t like component of the metric becomes S like when chasing rs valve
no This messes un withcreschties We lose timevariable
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Let'ssee a couple of objects

Earth
Sun

1cm Vengonokm
E 36m fan 7 papa

But is valid for Empty space

When tsar White blackhole

SCHWARZCHILD COORDINATES INTERPRETATION

o9,4 standard
o E Fair enough It's essential time notato
r Sort e surface avez valius
It has a geometrical interpretation

Physics

SCHWARZCHILD METRIC At rats

We could compute

i Precession of perihelion of Mercury

di Light deflection bystas

MERCURY

mum my penna

Newton General Relativity

General Relativity predict no Newtonian Behavior

Egregia

L gnooffIf we don'tuse da because is 0 farne

Lecture 10 6 | 44Fabio Cufino



We saw that

Il D
and that the s metro is

ds f g edetf gfolrzfldetsin.de

Le_ 1 E C'E f g tè rtètsinzèa
formassive objects

I o for photons

Per simplicity wewill restrict observers to equatore ed C I 2nd simplifies to

f E E f ETENE è
Note that

L doesnot depend on t
NATE

Ldoesnot depend on e

L does not depend on e

From Eder Lagrange Egrtions weget

Il p These quantities are conserved in geodesis
Consand quantities are energy and angular momentum

Il p
Gaff

o Trina
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From the Non trivial EL equation consequence we get

f f
E t re where are constant

Lately we con always ante off Fett i ffà
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We su

f F CE rgyfiatraja I
massive particles

photons

And consention laws

f E E o

V'É J

indi
0.0.00 ftp.isir t'trar 8 f f È

DIFFERENTE Eamon J Fi

To solve ed change of variable Uef

fgfsu u p page
Twewillget reel because we want
to see how photons behaves in

grubbiani field I

Formal Solution C lo p duassoluti
Where lana points on the

trajectory

We know than

fly o rt penhehm aphelon

So at PE APU D

II o D BUI UI B o D B VI sui

When we hit Pelare Ut is a root of the polinomio

Now we can vewuite

zsffyfelltulAu7ButCIAiB.c con be computebymatching
the original polynomial
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So doing that is

iuris
Replacing in our integri

o

U ulatutralutantit
d

We are interested in rats so we Taylor expand Wrt 2 Bu

4 4 FÉETEYTEINCEY
Integrate by switching to g defined through U ut Igf
As 1 E 9 1 passing through O D U stats from o than combat 6 o

passing throw Ut

Desfontaines

Consequence Gravitational Lensing
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S metric appear to have 2 singularities t o
pers

Ho is indeed singularity but not naked

At vers the tranable becomes SPACE LIKE

IS NOT A PHYSICAL TRUE SINGULARITY

IT'S A COORDINATE SINGULARITY

Consider radially C l const photons 2solutions

1 E ott _yep
o

sott altar

cottage

con

INCOMING Puoton

sapete
rtr InE 1 C outgoing

ct rara In E 1 D incoming

Kruskal Szekeres Coordinates UV e e E 1

If c'È e o firsts arcis

Let's see how metric transform if we perform this coordinate change

duukdvutvdo vufgtdffetff.tt f e dr

E I

det Ff Il i FETI
Finally te _of
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Then plug them but into the metric

a 1 E ftp.EY f E
r FE II Y IN

ds IrIe dudu

No more singularity at res

h
for given UN I can compute r

vu_ E a è

PIL
What do the Sch coordinates looks like in Vivrbre

EYE 1

a Veo Veo

gg EfsaVers

Along bothaxes weave in tata const
vers

Yguicare I
outgoing

tiè si2 KO D Y O D E o

E o

Erars
U O D Y a e

teso

agg you aye am me

Fconst D T Vs D LEI in 1st quadrati

5 reo Vie
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Observer in Radio Free Fall in Schwarzschild metro

Lagrangian C c 1 f E 1 g F E

From previous problem f f
È 8 with teatrale E cyclic

choose 8 1 D E O at ao

From and

F SI É_Egg
Introduce a Versa drearszola

D 2rsridx c.dz D ca Gr X for 8 1

Assuming a static obsener at tars

d
It

substituting in the results for da r we obtain

colt arsi cterstzatatinfff

As x D 1 ca a fr rears
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Cosmological Principle Univers is homogenous to isotropic

We want to build an wageMetric for theuniverse

1 Copernican Principle The universe suona Look the same at any spatial Point Komogenity

2 Isotropa The space looks nomatter in what direction areyou looking at

FRIEDMANN LEMAITRE ROBERTSON WALKER METRIC FLRW

Isotropic COORDINATES Amy 2

Impose That

1 The symmetry has origin at a g z o

2 Line element of 3 space de gltiafffeleggiego
Mae to special coordinate tipoe

Iii 77 degltrildrtidotrsinede

Demand qui invariant under O D e
e d e

D Jee Jee o

no dstfltirledltgltirldrlthlt.no tdrtgltrlralde7sinzde
fg h unknownfunctions

hitHdtdr D ANNOYING but EREASEABLE

Why Consider example

die Acndttbandratacaldrolt

Introduce Tetrlettach ed altzolt 4 rt 24oltolr 4 GI
C can be eliminated bychoosing Y diff G
Basically we can choose Con 0

Lecture 12 1 | 52Fabio Cufino



So as the example we can choose hint o

Physical Explanation

g a

2 Observer at a differed radici
measures 2diffeuet time ed Against

VENNE

ohi

Let's rewrite themetric with ho

dst fitincdtitgltintolr.tv'destrsinaeda

Every static observer same t measurement f fattadoesnotdependorr
quagga

We can performe a coordinate transformation dt doltttf.lt

Effittogenat gleam
ds alt ahhh d r'de risiede

We can perform coordinate transformation F her re

Ast Edt ZAWLENETICHE de sin0019

Spatial Part Samegenericform as S metric

Refe results from Schwarzschild A o

Fou spatial part

RE It 2

Homogeneity D Ra const in space 6A KEIR

WIEK 1
1 KE
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di Edt attiftp.trde r'sinodeYFcrw metric

Commentare

flat infinitevolume

ftp.t I si flat if to And a const

a O is singularly
a 0sole Factor

K 1 Et Sint

all da sin de sin'de

K O rex

de da IL
ke 1 refesinha

del da sintini

ad It's possible to show thatany worldline of 1,0 e const is a geodesic
and tra

ad For an observer at rest in the camoring Frame

1 I local momentum flow

2 Loud stress isotropic

ad Observer at the coordinate origin Obscure at constat 7
distance at è distancedepends on time
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no Cosmological Redshift

Fundamental Observer A at a o

Light pulse emission et Ea

Fundamental observer at Ab receives pulse at E

di ridato piatta X

At t.atDEA another pulse received at testate Va chose XB

onstai.fi
DEA period of photon

Expansion

Lecture 12 4 | 55Fabio Cufino



 

GRAVITATIONAL WAVES

Electromagnetism Review

Lorentz ME CÉ II B È B Jia

Maxwell D È Ttg d È III TE

5 I o

xè EYE
XE E E'È

They can manifest From an action

5 Su Sint t Sem
electromynLo Interactiontern

free Pavlide

Sme moffatt
1

Sint Ef Andy p mano

Favelas dan

J fa qu
Sem fede

A cents

fa chargedensity

www.mei

iIfma ma.amtin
GAUGE INVARIANCE A is ageneric Function

Ex Choose An dmA o Lorentz Gage Always Possible
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Why all of this In GR the same things happen because the Eius
Equation Works in Every Coordinate System

D The physics remains unchanged

Linearized Granty

Same idea as Newtonian Limit

gno Rad Io perturbation
Reminder gli qui hai

We will drop order of ha Oh Drop

Proof g 244

gang mother n H 81 4,4 thaok ehh

Ha hai N

Remarks
o Raise or lower indeces with MYRnd in lineansedguanty

o Summary Ino Ino hai

gdeyw.hn
g 8 No where Ho 4 had

so that google.ge
h 2 h

had is Tensor only under Minkonsky
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Einstein Field Equation in Linearized Ginty
Christoffel Symbol

By definition top fa dggrntdoggm dn.gr

We require Egli non

Ag 124 dghomtdrhgn dn.hr

Riemann Tensor

By definition Riso doti dotto
Ijf

Riso e Orte dotte

I
In dea dnhoa

dahont.intniIinhra oanonl

Riso e In
dodmhoa dodonon doduhra didahan och

Ups

no Rauti e I lordm ha dodonon doduhra didahan D Och

Remark o Those tensors satisfy Bianchi identities

Ricci Tensor

By definition Rad 2 Rauti a 4 Rauti

È
Rude

Ildngheatdoorhom Ohno ond'n oh hihi
i D Nuddendo
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Ricci Scalar

By definition R 2 Red e l'Rna L O'O'ha d d'ha Bh Bn

D Red d'had Ah

Einstein Equation

By definition Rad I gnoR 81TGTuo

I Cdmd'hostdod'hon Bhai daduh fru d'd'hog Dh 8kg Tuo

Trace Reversed perturbation

Tino had Ehud

Computing the trace D l no h ah D 5 h

so we can invent to had had I ruoli

Substitute in Eistein Equation

Elithnyrfitidion Ètà
Dino

INDI Fdi I had d'dir_Lyft dilettanti
D Einstein Egs

ond'ha dodoha Bho Yu d'd'Ir 16 Gato

Lecture 13 4 | 59Fabio Cufino



Harmonic Gauge
Interestingly linearizedgravity doesby no means uniquely specify theperturbation had
The Freedom to perform as infinitesimal coordinate transformation X 04 1751am giverise to AN INVARIANCE UNDER GAUGE Transformation

Oahu o Harmonic Hilbert De Pondergauge

Vice I go in the coordinate in wich the h has that
FORM

Weget Bind 16TGatud

sinttterek
N.B If we are in the armonia gage with 5 D8 o DWe stay in Kanon

Gage
The Formal solution of EEg

Initial FG È Tuo E 17 È1,51
17 I 1

È
Tansvense Tracless Tt gauge

In A prior 10 indipendent component

In symmetric

Harmonic Gauge condition D Ind 6 ind components

Which means that the harmonic
gaugecondition

does not uniquely specify the metric
perturbation had

INDEED any gauge transformation whosegenerator 5 satisfeys DI a o no Doespreservethe
gaugecondition

To uniquely specify the metric perturbation 4 additional constrain mustbe imposed

I 0 2 indipendent phisical components
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In practice

1 Choose 9 Mo Cic Ind tracless

2 Choose 9 s hai o d'Imu o d'hmu o D d'hoo o

hoo is E independent

Newtonian indiretti

Non o h o d'his 0

Notation We write ag hit

VB In vacuum Dini o or choose Dsm O D Tt gauge always possible in
vacuum

With matter Dino o

Not always possible togotottgage
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Gravitational Waves Propagation in vacuum

DITI O D It's a Wareequation

Assuming http o D Plane wave solution as

LI E è Where K w I w III angolo Fueguenyl
of GrWav

Ebce poi tens

W LEI Disp Rabbia

Fa propagation in Z direction

Whoe ht ha amplitudesof polarizations

COSTUIE 214 models

Wecan also ante

htt haEi costwltzlthxeicoslultz.tt using Ebit

I

e
Then the LINE ELEMENT

d c'all Ithaca ok 1 htcoseldyltahxcoseolxdyt.dz
no C WIE Z C
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1 Single parlarle in path of GR

Free Particle tg dj II o

Palide at rest at a o At a o Ifi o

Ii o è ti 122 Cdohostdohoa dahod

In TT gage hoa o o 170 at a o D Particle at Rest

But Rest with respect to
his coordinate system

What if we consider the properdistance between 2 particles

2 Two particles at Xo0,0 1 710,0

tow does the proper distance evolve

Al pillola pignata
I

filthda I Lefatthtcoscut Lo 27

NB Conad lo no i D Al Lo 1 1 hastati
Comments

1 proper distance change

2 Alato initial separation D GW Detectors are large

3 If you votate the system by 85 D Same answerbut ha

a
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Eistein's Quadrupole Formula

Weshalldescribe thegeneration of grantational waves by isolated systems
Foreach Component of had of the perturbation the linea equation can besolvedas

Inoltre 46m d'à Tao E reti Il
II ny

in harmonic gage

Assume compact source II DE E Iter

hndt.net polHTYt r l

In linearized theory ha and Io Same order MustBe This is telling us that

Data o o datato
Starting from this we can play around with components

1 dat _O D doto dat
Integrate over region with T 0

Elite f FINE THE 0

È 2

IT'dd'à const ho const Let's decide to put ideo

2 dati ètà atti ai dati xidetti
Integrate byput

fidati_ patate ftp.txitindttfta d

pt E IT'd'E putridiV
sentavanish

But T is symmetric DSame result with ieri

Add the two defltimittizi dà affidi
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3 dat o D dot dit D zixid.to VII 1detto

pixidat'd Hidet'd'è ftp.xitthxid d'a

paixit fin T'XIII

ftp.XXidotoolieftizittioxildk

Éphixidotod'è pitixitt'xi di

2ft d'è using

Definition Quadruple moment of source

ÀNH PICENTINI'E no

in

È
Solution for Efe

if I have seria symmetry

f waves collapse

iij ZGOiijlt.nl

Move to tt gauge I
Preserve harmonic

Switches to tt gage
Already time o

Tracless condition 84hit o

Transverse condition hihi o where K I
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Inorder to do that wewill introduce some operas

Pij E Dij hihi symmetric

Projects vectors onthe plane transverse toni

3tw DPijhi dijni hinjnienj ny.co

Introduce Piste E PixPje I PijPe

hè Pietre

Exerre Prove that hit is treeless 8 ht o

In the end http o

n 2g a in

Where DEI PisteAxe
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navy s in orbital orbit

me

re mà rim
mala

Metro
aver

Consider newtonian out

GIGI Maè mi è e 9ft
I Trajectories

preset fget

T IE mie 81 7 18 y 921841

D Q LEI IT'CE
xixidkodxxffm.ie 8 x Xi 81yy 81zx2dxdydz

Max E Martti LEcosett const where

mime
In the end

costati sin tl o

II sintzet cascati o t const

o o o

Assuming observe along z axis

Unit vector 0,01

Projector Pi di mini
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QI Pxx.jo PaiPoi LE Pi 0
I RI ERI Qxx IPxxpyaxy I.la Qyy

Then Ait Ilan an Ay 0

o gia g d

O O O

Se hai o

hit 2g DELE rt hai o o o o

o ht ha 0
11

e ha ha o

O O O O

haiti IERI FLEE

hxlhe TGEIR sinf.lt ED

Comparison with EM
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