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Suppose that in a three-way election for a large country, candidate A received 20% of the votes, candidate B received 30% of the votes, and candidate C
received 50% of the votes. If six voters are selected randomly, what is the probability that there will be exactly one supporter for candidate A, two
supporters for candidate B and three supporters for candidate C in the sample?

Note: Since we’re assuming that the voting population is large, it is reasonable and permissible to think of the probabilities as unchanging once a voter is

selected for the sample. Technically speaking this is sampling without replacement, so the correct distribution is the multivariate hypergeometric

distribution, but the distributions converge as the population grows large in comparison to a fixed sample size!'l.
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What is P(n,ny, - ,ny) ?
— P(n,n1, - ,nm) = P(ny,-++,nm;n) x P(n)
(S ———

multinomial

Often n is a Poisson random variable — See next slide
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O Composite pdf:

process 1

F(xi {ip}.0) = B2
Y Hp
X p=1
where:

composite pdf | @ p: process index
! ® lp: expected number of Zoa({Hp}, 6:{xi}.n) =

elements in sample from

process p
o fy(x;0): pdf for process p

process 2

f(x)

X

O Remark: the u,'s are often

_"‘}'bcess 3
;-'p unknown

f5(x)

— Determining them can
be one of the objective

| General extended unbinned likelihood:

\s=7TeV JLdt=461" Composite sample

. P
z | ):l,u,,fp(x;e) 6?/4/!6/‘@/ exctended (A/v/blmez/ X

P
fo(x;; 0
(Z/J'p)n e—):yp Xfllﬂglup P( i )
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——— =
extended term p=1 llp
composite pdf
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Two cases must be distinguished:

© Nuisance parameters perfectly known: formalism presented
previously works perfectly fine

© Nuisance parameters not perfectly known: formalism
presented previously should be extended

— Mo f@/m/, % ///\?114000/
pg/w/ = Dg (@Z/(gz/-'/@ﬁ) X g((gz/ gz/»,/gf;/l
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n o —(s+b)

Shebet. 1Ll K(sgp) = (4] e
V\.I

— n: number of measured events (observable)
— s: number of signal events (parameter of interest)
— b: number of background events (nuisance parameter)
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Frequentist

[J Use frequentist interpretation of
probability

[0 Model parameters are fixed, the only
thing that can have a probability
associated to it is the data

P(x;0)

[J Inference based on notion of
pseudo-sample or pseudo-dataset

[ Data sample ] [ Statistical model h

Pseudo-sample

Statistical method

Result

o/}

[,Ld rorrow bt’/[/ / 2

Bayesian

Use probabilities as degree of belief

Model parameters have a probability
P(6;x)

— They are not random variable
as the x's (better qualified as
uncertain variables)

— Even if notation is the same,
this probability doesn’t have
the same frequentist meaning

Inference of parameter of interest
based on this probability

How is this probability computed ?
P(x;0)P(6)

P(6;x) = P()

(Bayes thm)

77206
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7. Y/w{e sﬁzﬁs 6ozl wodel ity (kelinood) - distribution
2. Tind ot whit & bat (vior & P{X; G)P(
3 . COV\np\JtE /)95 (ﬂwov P;x)
4-. COV‘C (Vﬁ{e C/’O wn [US f/e)‘ﬂ Qv Normalization

constant

P(6;x) = (P: pmf or pdf)

Bﬁ/ﬁo/) ﬁégvom
/:0\/ 2 2(/@(6’1@7 evienls /J &ﬂa/ B
PlAanp) = P(AIR) PB)
P(BnAY = PLBIAY P(A
Ao Flaas) = P(BaR) |, one hes P(AIB)PIB) = P(2IAVP®)

— Py = P PA
P(p)

S/Mp é @{)/@M%)'bh ‘

Scenario: You want to know the probability of having a rare disease.

* Initial belief (prior probability): 1% of the population has the disease (P(A) = 0.01).
* Medical test accuracy: The test is 95% accurate in detecting the disease (P(BJA) = 0.95)

but has a 10% false positive rate (P(B|-A) = 0.10).

Using Bayes' Theorem:

1. Calculate the overall probability of getting a positive test result (P(B)) using the law of

total probability. RCYE Prelp) -P) + P8 -A h - P (_ A\
2. Apply Bayes' Theorem to find the updated probability of having the disease given a

positive test result (P(A|B)).

Result: Even with a positive test result, the updated probability of having the disease is
around 8.76%. This demonstrates how Bayes' Theorem adjusts your beliefs based on new

evidence while considering the accuracy and potential uncertainties in the test.
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[0 Hypothesis: the Y;'s are

Histogram of Ozone Pollution Data with Gamma Density Curve independent and )/, ~ Pois( m,‘)

0.025

M = 0i=/mj

- [0 Remark: m; depends on 6

0.020

0015

Relative Frequency

mi(6) = vpi(0) = v/c i (x; 0)dx

0010

0.005

(v=total expected number of
events=E [} Yj])

= G,’(e) =/ m,'(e)

0.000

Ozone (ppb)

=

=D /[/‘mtvvwgq}j %2 ) ?(xh@/@mt éa V\A(\x(‘vwz,'?
M@ /V/T@//L\CJCY’)

The ¥ writes:

(Y;—mi(6))*

e y2
mi(8) (Pearson’s x°)

=Y

n
i=1

which is often simplified to ("modified LS method")

(Neyman's x?)

2w (Yi—mi(0))°
X 7;73,’_

Remark: approximation 6;(0) = \/m;(0) ~+/Y; often done in
various contexts

— Equivalent to using for 6(8) not the true value (unknown) but
an estimate:
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dPS;fJi?;n (likelihood) distribu;ion
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o O (date)
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Mean: é:/ef(9|x)de
Mode: 6 = meaxf(e\x)
6

Median: Fg(é):/ £(6]x)d6 = 1/2
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Suppose you make two measuremencs wich likelihoods =g1 and ofg

— Afcer lirsc measuremenc /L(9|Xj)°( 0’@ x g(0)
— Afcer second measuremenc: we could use

£, (Ole) X, * 8(6)

buc beccer co use knowledge acquired from lirsc measuremenc:

(0] x, ) o< Lo x/£(6|x3) «p’\gzxo& x g(0)

— Poscerior of lirsc measuremenc used 3s prior in second one

Generalizacion co n measuremencs:

fn(9|Xn,...,X1)°<$n Xiﬁkl X Xgl ><g(9)

— As the number of measurement increases, che likelihood term
"wins" and the prior becomes more and more subdominant in
final resulL



