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Quantum Electro Dynamics as a Gauge Theory
I Introduction

0 Electromagnetic and Relativity Recap

Maxwell's equation 5 È E D B 1 È 1J
B B o EXE 1 È 0

They are COVARIANT The form staytheSAME from
der Lovente Transformation X Mh oneinertial referenceframeto another

Which is manifested by defining 7117 x ̅ Cct Xyz
dimensionof space

LET'S FIND THE COVARIANT FORMOFTHESEERATIONS

it you candefine also a current

J cg5
Andyouneed to define

F
Antisymmetric

By

1 È
123

102130

totallyantisymmetricThen Maxwell becomes

daF 105 E
covenant form of Maxwellequations

0nF o 2

Non looking at FEDE È o compononenbs

F 6 compononents ofthem are constrainedby

he general solution of 2 is F 2 A d'A for some vector field AIA

Weknow A AA Ax Ay Az A A A
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However there is an invariance

A A d x gives the same Fas A

Fin JA _d'A F Fee F

II 3 90 20.0 8 0
partialderivativescommute

Gauge Invariance A give the same physical F

Tuthermore J with creates E B o A 0 only has 3 independent

components since

do J duduF E 0 current mustbe conserved

Aim of the lecture

Since only 2 components of A are physical

HOW TO PICK THEM IN A LORENTZ INVARIANT WAY no Also at quantum level
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I Relativistic Spin 1 particles
a Lagrangian

At rest we want sedile components states related by Rotation

In NonRelativistic Quantum Mechanics to describe a SPIN 1
PIÈ ftp.t

We want to describe a particle WENEED A FIELD

If you have 3 different components you need 3 FIELDCOMPONENTS

WE vector field AIX Nedd to ensure Loventz Invenance
REQUIRE

Lorentz
invatriant

way to kill 4 componentTO DESCRIBE

5 1 pabide
Free particles field of mass into obey K G like eguation

RSTTRY

Klein Gondor Lagrangian of A field Forthespecialpart

I.fi
ttithitei

Aha m A

VIA MinEpisAO

Ètt LETT Potential

e IIIpè becase

Èinetic

energy

da

g
WRONGSIGN energy A
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At quantum levelitis even worse

A a El with atà 1 81KAl

so that a 10 is a positive non state

20122 107 Colosa ColatIf
1

Lorentz Generalization

A ITE with a a 2ⁿᵈ
2º a 1

2 0 is a NEGATIVE NORM STATE GHOST

2012º 20 103 1 ITTITTI
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ENTRY
Proca's trick toget rid of A in a covariant way

Lproca 1 OnAir dont MIAMI JA
I
I dato dotta y y dato d'Ani 1 MIAMA J'Ar

ÉÉ E 5h

So the action

8Sproca foix 218A dadA Ond'A MAI sai

m A d'da 0 Proce Equation

5
Isolutions

doE m D 0nA dna I 05º

if 5 0 GAICASE 5 0

The solutions are PLANE WAVE 1
Makes sense to separate on field into spacetimeand internal part Aula En e

with constrain obtained by plug the wave into Proce's equation

2 K2 È È m D K INCE EtmT
1 E k o E O if E 0 at rest KEIM è

So we have 3 independent polarizations EI with Eca Eca 811

At vest mio0,0
EÌ 0,1 0,01 E 0,0 1,0 E o 0,0 1
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NOT COMPLETELY DONE INCLASS

This implies that for a field excitation that travels in the a direction there
are in total 3 linear independent potenzation structures

It's convenient to choose s ffbes todescuber.lt possible polanation

Wecould trivially take i 1 tt d ise ÈÈÈ81 Instead we want a basis
that forcesAula to automatically satisfy its equation ofmotion OMA 0

This will happened if KUEI K 0

For any f momentum K with E m there are 3 independent solutions to this
equation given by 3 4rectous E D POLARIZATION VECTORS

We conventionally normalize the polarizations by ELE 1

Let's be explicit by choosing a canonical basis

Take K to point in the z direction

E 0 0 Kz È KE m

Then the 2 obvious rectors satisfying In Ea 0 and EnEm I are

TRANSVERSE

EI Eh POLARIZATION

So the other one is E
IIE.IT L III L

m in Ein is a

normalztionIbar

ELE KE_MIEI 1
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Comments
Il For the photon thatis massless we donothave Ec IEEE
The E of aveORTHOGONAL to thedirection of motion

If È 00 or E m we willhave

E Fn InFf the componentsgoes to o

VI atone takingthe e rector

TheRED isthe K 4rector
TheGREEis theEICK

i
Ifi'amont
of vector

in the È 00 E andK are indistinguishable

since K.me
v

jy
ntone

i
III

here are also CIRCULAR POLARIZATIONS

EI E ti E E EC

so you can define the third component E E E IR

EIA Eia 811 where 1,1 1,9 1 helicity

These precise typesof polarization vectors are EIGENVECTORS of helicity operators

ELICITY K
operosa II En

AEca

Now we want to rewrite AIA Ex è in this formalism

Lecture 2 2 | 9 



NOT DONE IN CLASS

Yes But let's tug to get an intuitive understanding of this POLARIZATION

We know from Electromagnetism thatthelightis an alternate oscillationofthelecticandmagnetic field

Visualizing this on BÈplane is
È Ey 0

aerosol

This is called LINEAR POLARIZATION

But could happen that the direction of the Electric Field is not linear bt couldbe
elliptical or CIRCULAR

Δ
CircularELLIPTICAL

Ex Ex

Looking at the civata polanzation we how know that itmeans that the electric field
is SPINNING around the direction of motion

But the spinning could happen ftp.fyiseorAII ckwise

When a lightbeam is CIRCULARLY POLARIZED

each of its photons carries a spinangular
momentum of th
2nd stand for RIGHT 2nd LEFT

circular polarization

So that's why we talked about polarization

This concept could be extended to any field
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C General Solution of Proca equation with Era polarizationvectors

p IAIN è

ATM È Ake s.FM
n

For 5 0 then

AIA ATLE EILEITALE E E ALLAEICK IN CIRCULAR

I
will become with
Zunhilator apertor

Eyou look at you component for the polarization

AI E EI E Aulk I can extrat by taking the soda product

eg for È 0,0 K

AIIEI EIEEE.IE
AoLEI
ILAIIwEl EIKKI
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2.1 Feynman Rules Propagators

STATA d 1 EEEE IANNATA JEAN

fix 11 titanhè Tpp è T.ir Ia7fI
È È EÉ

poi è HI8 EEN KE K

Direc's Delta 8

Then TE p
killing the integral over K

ÈÈ EE
Po III IIII ELÉÉÉEETIIETET
I
più 1 AI 5KIAVA

MI E
Vow let's make a variation of s 85 0 We can compute the eguali

of motion for A
We get simplifing Aulkl

MIA jox

To solve this equation let'sremovethe stars and solve it

MILAATH 5TH Thishasto be true for all the K
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So a solution is formally À A MT 5 1

something to do with after

the PROPAGATOR is GU K

i GILK i MY

Example

if Mlk K m propagator Fen

Let's try with our propagator

RD we are imposingthisshape6 B
why Lorentz covariance is

required

GIM F89 BCE KK 1 Km 8 K'Kg
I
F.LK m48Y KYgEImI

FfBK
week È IF 6 1 1 1 1 MY 8

È Ilena 79
propagatorI II

Or easily by using QFT Feynman Trick i G
I p KYI
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NOT DONE IN CLASS

WHY WE COMPUTED THE PROPAGATOR LIKE THIS

In QFT we computed the Feynman Propagator

G x y 01T CIN9191310

by doing all the computation solving the integral in the complex

space we obtained

Gun di f palme
Then we discussed about the Consequence

Consequence al In the momentum space È
go.fnayg.ee

Consequence b QFT 12

if you take Gran 18 91

Go to momentinspae

So we have basically donethe same equation of motion
Greenfunction

Find theinverse it'sthepropagator
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Riemann Lemma
What if NOPOLES

gia f.iowe intjay

If flat is smooth f 01 0 so the oscillationwillaverage to01

g
int

we need POLE
0 NOTHAVE Orto

wÙtie Foto
thais thereason whyweneed POLES
for an infinite propagation

DOESN'TBLOWUP

Whatever wedo to the harmonic oscillator itwill propagate to infinity
BECAUSETHERE IS A POLE

Let's lookat the propagator itself

Votice

GLI 4 4 matrix I DivacPropgator

So we have propagating degrees of Freedom NO

IF 51K KICK

ATKI GIA 5TH
m
min KICK 1,514

NOPOLEAT KEm

AIX 1,5 1 doesnot propagate to do if 5 is located inSpectin

This comes from the Fact that

Il KYI 82 if KE m

Projector of vectors K PIK K _KIK 0 if Em
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3 On shell we can write PF in the as

II E.IE lE EaIoLEl PT

It's a projector in QM D InXml with in base vectors

The 1 may seem strange bit
EIE.in 871
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2.2 Feynman Rules Wave functions and external legs

Those rules are about amplitude and polarization and external legs

The general solutions of the equation of motion forII NOSOURCE

ATEI fiaE EEE EII.IEIIIe enannwEim.Ecay 8111
Lo

CoefficientofGleeplangyaeghtion normalized

Sidenote

When we quantize the system we

afLE Ecate at E we willobtain that a El will beiome the CREATION

This than will lead

ftp
ae
IIIIIIIIIIIIIIIÈIIIIE

each ofcoeff is likethe
KlainGordon

Each of this coefficients are like a KG Field Notice that we do

AIE E E PILEIZIE

Then to devive the other Feynman rules we havetostart from the S matrix

The invariant 5 MATRIX elements amplitude between initial in il and final state j

ie t t.is i n
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Fu eachone there are 3 possibilities for thehehaby could happen that hi 91

So it'sclear that the matrixelement depends on the helicity 1 of the particles Sure

Now the MATRIXELEMENT MUST BE INVARIANT and in some ways this is also invariant but does
not appeau to be that became of thehelicity Seems thatwe have Just 3 degrees of
Freedom where is the fourth one
Howdo they Mix when we make a Lovente transformation

TOMAKE IT MORE APPEARING thetrick is to write down the matrix element with LORENTZINDIECES

Ma si a a M K E Y1E E
Manifestly Lorentz Invariant

Let's make a PICTURE BUTWEHAVESTILLTO DEFINE EE

EHI L
head e

A variant was II

Mmm DVertex connecting n Anfields
E Onlymakessense for nas

Ia a È 1ham interaction

a In
Now we know that the PROBABILITY α Ma 12

If we want the UNPOLARIZED PROBABILITY we need to average the autooinos

UnP Agire Ma 12

So

È tt E mail 1

why
E ÈÈ 2 le a anni Ma MÌ

TI Fidele of a

Lecture 3 4 | 18 



Explanation Graph

I NYU 1

Ma I Ma

avete
un

Leper 5
Projector

Summary

già i 12 EE Emi IÉIE E INCOMING

E 1 TÈ E OUTGOING

Vertices Later

Manifestly Lovente covariant are a vectors

Only 3 propagating fields Even if it's manifestly covariant we have 3 degrees ofFreedom
Comes from ProceTrick

Bad high energy behaviour Why

EI longitudinal polarization is singular when LEI o

È E

Propagator for K a ÈÈ K1 constant NOT WHAT'SIN K G
in K G propagatorlike internal line non onshell

O

Will lead to Non renormalizable BAD

ou can actually use whatwe have done till now to describe mass bosonsWiz andyouhave a descriptio

et works but ifyoumeasure Just LONGITUDINAL W forexample you understand thatthistheorydoesnotworkTGGYE.IEfIf

Lecture 3 5 | 19 



I Spin 1 M 0 particles

Since we want todo QED we'dwant to study thecasewith ma

Can we study the m o limit of whatwe've just done

imple answer For mio justonly for EI is very Enky

motherway ad When we Fix time like vector WHATARETHE TRANSFORMATIONS WHIM

see the LEAVE TENTATI
leepdifference

NOI DONE IN CLASS

Reminder Definitions

time up you if fax o Associated with PARTICUE W MAS

km m In the Rest Frame ofthepratiche is TIME 4

LIGHT LIKE Kuk 0 Associated with MASSLESS PARTI

KIM 01 There is no rest frame with E o

explain why we want the K remains invariant

Rememberwhen we derived Am like wave with constrains One constrain was KEE 0
The requirement of Lorentz invariance ensures that the set of polarizations vectors form a complete

basis for the transverse spatial directions

Completeness Means that any transverse vector can be expressed as a linearcombination of
the POLARIZATION VECTORS

Now since KEn 0 we know that Under a Lorentz transformation the polarization vectors
remain in the PLANE perpendicular to the divection of motion invariantplanet so the
INVARIANCE of ensure that the polarizationvectors are transformed in a way that
preserve orthogonality to K
This guarantees that the physical interpretation of polarization states remains consistent

across different reference frames

not soclear
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Cannotdo Boost
TIME LIKE K EL willbe K 1 0,901 CANdo rotations

invagiyè
Works Fine

LIGHT LIKE K Thereis NoRestFrame D
Whatever RF cannothave spatial components egual

That will solve the problem like above

Spatial transformation that leaves È invariant Only

AhGroups are called Little craps and they
aFIII.FI

o we discovered that there is a Fundamental difference in fixing LIGHTLIKE or TIME
IKE K

CONSEOLENCE

Light Like an normalized basiswhich contains

EE.FI a basisvector

So we are missing something

Let's try to use E E

Erat Ea we know that are TRANSVERSE to K D E K a before

2nd those will become own TRANSVERSE POLARIZATION

With them iseasy EI V ELV VI 4 EcalV n 1,2 As usual
VECTOR WRITTEN IN COMPO
USINO THEBASIS VECTOR

BUT NOW if I want a Full basis I need 2 othervectors

Let's try with K 2s first but then I need a rector which is LINEAR INDEPENDEN

with E E AND K
K K PARITYFLIPPED of K I F

ffTF.me un xp ok

ErsaK Eczakp 0
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K Xp Ko È 2 FF no KEKE O K XP 0

So a general vector in this basis will be

VEEEFI.LV KV KIV

Let's how take the soda product

V.V v72 V7 V4 411712

we

ftp Y

Tricky thing Extract V3 and V4 we need a scala product

coeff.ofKE E.itLIpoua È
with KpImportant consequence

k 2K 0 0,0 Kp K pi It's Not THESAME before and
I after the transformation

Loventz
Transform

When you fix a Light Like vector YOU GET MORE CONSTRAINS respect to fixing
a time like

Maybe because in M 0 there are 3 potaiz in mio just 2 so move constri

So basically we can take m do but we have to change the basis 1 constrain
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3 1 Lagrangian Equation of Motion

Can we follow the Proca's Lagrangian method we used before

For m o Lproca and the Equations of Motions are

L 14 EnF 5AM with Far dato dotta

IF A d da Jia

È L 1 Ko KK AEI 51st E
È

A IN m11 5 1

Doesn't work because MI ha 0 eigenvalue notonlyfor K 0 but forany

mix 1 Es KKK KIKKI
Move precisely since every vectorFieldcanbe splitinto a LONGITUDINAL and TRANSVERSpaut

MI E PICK

with Pt 8 K1 Pt Projection on

hairK1 Pi Longitudinal projector on K

MT con onlybe defined in the I II andthe longitudinal part AIK cannot
be Fixed by 51

This is a normal consequenceof Gage Invariance Indeed
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Remark 1

L is nearly invariant under gauge transformation

A Aix AF dalla teca

Far Fai datti do n Far
J J 5

Remark 2

5 0,5 dodnF OUA 000 A
has to be if Eom

J hasto be a CONSERVED CURRENT

conversly if da5 0 then AL A 5 1 11015 AIF dal 5

Gauge transformation changes L by a tenere wich don't change Eam

If A is a solution then A is also a solution

3.2 Coulomb Gage transverse spatial propagator and projector

To see clearer the efforts of transverse condition and gauge transformation let'sunte

A k EI ami Eia Ka as Usingthe new basis

where Xp K E parity flipped of K K E
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Notice

p 22 8 this deromposition assumes a certain vest frame
because theParityFlipped Xpdependonthe RaferFrame

If Ko Ip 0 also and KXp I È 257270

for i 1,2 E Km 0 Eri a E 0 and Ici È 0

I Transverse spatial
EI 1 1

Gage Transformation An An An dal ED Àn Ai idee a's astiè

Conseguence as is Not Fixed By Eon
e FÀFFÈp

bit ghe we can fix 23 by imposing the Transverse Condition like wedidwith Proca

Transverse Condition LaÀ 0 Kg Kapas

Fixes Mainly as land not as i e when 0 Yu
Ee

This meansthat ad Doesn't fix è in general

To have a EINEIT se LEE Gage Fixing GGbggeaaa

LGIQA.CN o KAI 0

WHY IS BETTER

there is No doA term in L or 5 A has no kinematic Energy
Rembember would bebad to haveit

Consequence EH.ve ELLIE41.4.1
A is fixed locally in time Fixed timebytime

Equation ofmotion for A DA d diAil 5º

in this gauge A 0 if 5º 0 OR if 5 0 itwillbefixed bycoulombequatio

DA 5º moment after moment 147 790
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Can prove that any solution of 5 can be brought to G by a well defined
and unique CHI

Obtain well defined propagatorand projector

Pts E.IE
8 ii e 3

2 KK

TransgiEa Fou K o

Pts o is not Lovente LE BUT HAS 2 propagating degrees of Freedom

Can be used to define U and Feynman propagator

F ts i GE A i M'E gaffe Pish

And the GreenFunc isthe one youget when computeclassical response to source 54k

K Gts K Y NOTLORETZ INVARIANT

UT can show that compensating gauge
transformation Fouwelldefined è

11 ATH GtsMKT 1 54 1
Eta
Transf
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3.3 Covariant Propagator

To preserve Lorentz Covariance add a Garge Fixing term

Lor 21g daA Lorentz Invariant

gage NOT INVARIANT

da QA da OCA

M is NOW inventeable

II o A d'ConAlfa f 5

II secoi e 1 1,1 7
1 5 1

TEEN P.CN

1,1 io ilm 1 8 11 91 Pt 5PM

Response to 54k is A G depends on 5 if Ko5 0
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3 4 Coulomb Potential for static sources

I IERI Ja We want to have I potential

E
RI RI

Looking at the sources

5 1 51 5

JIA ftp.mq flx xecail Xical la7f
5 a Pda 9 dz 8 x xecai

Favieu Transformation 5th p.fi e
è
8 pota81221831 1 1

918 811,1 e
ieri me

Using the 5 gauge covariant

GICH 8 11 91K
beneof8 0 0 so 0 5independent

À IIII 1 p te si 15141
I

IEII.LI
ayais
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Given the 2 sources i know the field AII what's the action

Wee 5 5 Aiss Jpiven

IN EAIHEE.IE
AnCK15H1

d'k AICHI I folk IEI 5 p If
But since 5 57 52 we willget

1 5 5 E in
JaGf Disa

How SOURCE 52 feels AI createdbyJe
orviceversel

52651 Polk5 A Àsala
I

Intermediate Polk815981 1 9 92 PII è

I
folte

Founer

I
Pdt VIERI Vera III µ

NEPout

Concrete example of using STRANGE propagator andget Coulomb
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V QED Lagrangian and Gauge Principle

1 QED Lagrangian

Minimal coupling Starting from Divac Lagrangian L Exile.sn mlYiI

Replace da Da datieAula

In the end youget that the addition of the extra term corresponds to adding a
source

Is AulxlJ 71 with 5 1 1 e Fix8 1 1
conserved Dire current da57 0

Le i 8 datietta m Y 1 Eu F An
Te othersources

Feeling from where this comes from

4 2 Local Symmetry and Gauge Principle

Dira QED

Ice dal 0 1 macete E etica

IICdalett Concert 7219794

Since they have the SAME MASS there is a GLOBAL SYMMETRY UCI 5012

Sa A l A e CLX and 0 DOESNOTDEPENDonX
it's thesamaforall

Ex età eh

eh l è 2 6 INVARIANT

Remark if occa l'altre Eggi it's a smallrotation in C
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This is equivalent in the real representation of

1 11 ee 111FET2
Using thisglobal symmetry WE can Fix the phase of e since there is this invariance
at one point 4 20

Is it possible to generalize this to a LOCAL symmetry

CLA l'ex eiel Ceca

Problem Lexa is not invariant under Se because 1dalla EXERCISE

It'snot a surprise dalica beffe
Cilxtdx components of l in the basis at atdx
Lilt e at

The difference is a difference of 2vectors in 2 different basis
DISASTER

We NEED to KNOW the change of basismatrix B between the 2

IIII in S

We can construct the COVARIANT DERIVATIVE

Dal tim Bla Eyfed by def a vector at

Sc Ed ei Dalla like al

LCKEL Dal
2
m 91º

1invariant under Si Lexa if B I Da dal
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What is the basis how is Bdefined

At each a you need to give yourself

Bex dx
ItieAnygen

eldx in complexnotation

Foranypoint I need Aula connection connecting base at and at neighboring point atdx

Connection with General Relativity

Link with from General Relat go to matrix notation

Big I ie Andx'T ÈÈ BE85 11 dx

So ie Aut e A fr in targentspaceforGR
DX in internetspace forgaugetheories
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Little recap

Matrix of coordinate change

Blxxtdx 1 ieAnlaids ocdx

Introduced the concept of covariant derivative

lisaku field
Day dati eAulx 9171

ciel DaKim

And the Field
e è Ceca

An Ala x Aula dalla

Be È N'e è By

ExpItion LocalTransf

Bixxtdx B e Buxton è
ifeng.ame

B 1 ieqapynyg
iet.la duecada

I
ItieAntxidx ie da cadx

1 ItieAnia
In the end A'n An idee

Consequences

If detto doAn Far 0 then

Notshown Halal daAlai and you can choose a basis in where Olzi ALA

so that A'µ O Trivial Connection Dal dal
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So Fad D is the necessary sufficient condition to find a global basis

Gage Invariance

Meaning of this condition

We we do a closed loop

Variation of a closed loop Bigi nIIIinyee.ms

I Needed Ille Kal Eco

ie Faulddxndy'Cataldi
his Jts transforms as the Field

hen
Fao Far

Linkwith General Relativity

Riemann Tensor Rad itj.EU

Also iefaul DaDa E ie OnAir duan e

NowgoingtoSCALAR.AE
Instead of imposing Far as a byhand conditions on the set of Am Fields we
take An 2s arbitrary field seriously physical DWill be determined by Kinetical term in a
Lagrangian that is gauge invariant impose 52

LA IFF
n a extremal action

Laea Dall MIEI_IInvF 5AM imposing Sa
SCAAR
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Invariant under

E È eca

Aila Aah da A

Case of RED Yuk
We start from the Divac Lagrangian

Loira ista m

Inf Dal OutieAula Xix

Corresponds to An with 57 0484

da 0 for solutions of DiverEquation

Laed it Ontietta m 4 1gFaut An5
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I Asimple QED finite loop Anomalous Magnetic Moment

a Introduction

We have to introduce RENORMALIZATION Why

Tectrostaticself energy of è

Mphys Io Mes Ma

III
in L

for r Do This tern 00

For a sphere of radius ve these are theJaGT and 52652
termsof lecture 5

Von Relativistic Quantum Mechanics

H Ho AV

4ºIn E 1h w normalization In m bum

Perturbation theory

In In 11h 14h

Then
Chin Zi 1 so it's not normalized

You have to venoumalize them

1h Z In normalization wave functions

Also we need REGULARIZATION
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REGULARIZATION necessary to shift eg Mo by a Cde finite Gfg before taking
the limit re o where o o is ill defined

For loops in RFT eg Fegumn Propagator i È P fine
We can

1 WICK ROTATION defining Ko ike

Fa ÈΔ

m

I èmL
ou can deform the REALKo integral to real Kyeiko without hitting any poles

K Ko E KI E KE KI KI KI KE

KE KIKIE E
ben

info d seme pompate im polke Iena NO POLES

s.pt Em Ess TE I

Se 1 surface of Cote dimensional spleve computedby Gaussian integration

1 dire PILE e LEI

I
Sotep e 1K

I
È fidt

è can 501 1 2 11612
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Hence

sai
e

Remember
play pydt the x 1 Tex11 x 11 for EN

1 TE

So So
2

Se 2T Se 4T

inch sphere

2 CHOOSE REGULARIZATION METHOD

2.2 Introduce a ULTRA VIOLET cut off A in 211 integrals

either hard KECK or smooth GE yen

GINA pp
e

ghard
V cutoff

Kamiki

µmol
A K2

OK for 1 loop Complicated for more

NOT GAUGE INVARIANT
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2b Pauli Villas

1
E m Èma I

Etmato KM

È 1 E m Zaini

Me m
3 Lattice make SI discute

4 Dimension Regularization
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b Anomalous Magnetic Moment calculations
Ref Peskin Schroder 62 56.3

Laed itad ietta MIX IFauf ConATA Anni5 1

We can look at loop convection to the x ̅ X A e e 81 vertex

Only IPautiche Irnolucable dirgoons
ieTCP.FI iefp ietta PIP

IPI
7

α
P

Eye in un

β

IPP is a 4 vector

If on shell pl p 2 m only 1 scalar p p Epa m

Take 970 co for p and p on shell

Also f g is a 4 4 matrix in Dirac Space linear combination of

I 8,8 885 t 8,8
1 1 4 4 6 16

Forbidden by Party

P PI P P

84 4
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So in general we can write the general expression of

PIPPI Alg18 BLEIP CLAP DETTI Elga Tipi
Gage invariance requires that

Aula igulla

IIP MCP 9 0

ITED da57g 0

invanat conservation

A t'LPP'IM t I'm Bip.IP pi Cp P P

x ̅ TU P PlacDPU EPI O

Pa ma
w̅ p'm

So in the end

A an m m o on shell

miei
From covent conservation

E the Php D PAPÀ PIPIEPAE PuPo'E 0

E D from current conservation

519 5 2 reality condition
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A A B B D

Then the most general form we would have is then

MP P Acq 8 BCI platp DIE15 9 1

But we can simplify

GORDON DECOMPOSITION

F TIPI 108784 MIPI
Iris mF MIP only true on shell for

1 2mi PIMPI Mitt

On the other hand we can write

E 8842 12898 128 8 Po

is Po

By applying this to in epation

F t f P P it p pl Hip

Then by identifying F F from both equations

il Efp it p P hip 2
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Exercise

Show that the second term on RHside precisely gives the 2º term of
Che NON RELATIVISTIC Paul Hamltanian for a spin 112

Im 25 Biz

acting on NRel 2compon Mld

III
spinov 3

where Exp and 5 IT

Hint Take the sparve of Dirac equation withexternal Aula leading to
static È in the N.R limit

1 EDTIP P Fe 948 Ela q
I

MIEI 9

Form factor Fecq describes the electric charge of e 2s probed by a virtual J
of momentum 29

At large distances 9ª D 0 Felo 1 Chage e
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t small distances

Fa Ipissm the screening by etc in vacuum polarizations

go away

e

è

Elo magnetic form factor in what we want to compute

C QED Rules

Émela FEEL

anni li 7 1

I una ielhm I f7hn
β

Km ti off F 1 Fermion loop
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Exercise

Show that the second term on RHside precisely gives the 2º term of
Che NON RELATIVISTIC Paul Hannltanian for a spin 112

HB Fm 8,5 Biz

acting on NRel 2compon Mld

II
spina 3

where Exp and 5 IT

Hint Take the sparve of Dirac equation withexternal Aula leading to
static È in the N.R limit

Solution

Let's start from the lagrangian

IL pi fiet PIPIAula FCPI
For now we consider order 0 and so 1 18 this corresponds to I'ovale
Feynmann Diagram

α

un

β

So we willhave

ok is INFÉIIE Mya i 4 my
x ̅

and after a Fourier Trasf on 2 weget

ED Facolt Facoltà Aula m Icp
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We are considering the 3 level process 2nd so

E
Using these 2 Fa wewillhave starting from IDM MN

0 i miliD m 4171

11 88 DaDo m 4
but

898 898 125898

1pi io
Then

RDaDo io Dido m 4
I
TED may
I

f D_E.tn nolA maYfF1FzNotsPEaFiET ITTEN
t.EEn.daw non But we choose FifaWE would have

so Let's considerjustthe black

a constant magnetic field applied B Bez EXÀ then

ÀLA BE _EBy 1217,0

A

F but a 1 0 2

IEEE eTEI m.IN o

t solution is Nlt x ̅ È Età with E mte Eam E m 2ms ecey
NR Kinetic energy
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Then since HE Ella with E eigenvalue energy of thestate

Era fm lJ ieAt eIE1e He

reH is the Pedi hamltoniana Usually H is acting on 2spinous

Ha 1152 ie II ziettò èAIN 14

IIIILet's focus on Zief 3

zief.io zie Bz 90 7 09 e Bla Renihtepriz F1 inte

Let's focus on EE
t xkfidy ghida

F Bz F Fez ACTUNG loweringindicies

più È Bafana
BEB

Then II
8 81,8

1 11 11

per
0

rara
È I It's Diagonoc

Since it's diagonal we can decompose in 2 parts and we will keep theone
that will be multiplied by T

NOTSUREEsi II 4 so Just keep the interesting Et Il
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Hence

Elt In fidata E Bla II B Et ESpinor

UB
with

a ente eats Magnetic Moment

I
En Le 8sSz Se Bz

and 8s 2

XPLAINATOI

if I prepare my system with an angularmomentum I Not in the Z direction there
11 be a PRECESSION I M AM We gg g 1

So if youplace on è in a egdotrone Whith a Frequency We eff youwill get
Ws LI CI Weydotron

After a Loop in a cyclotone the spin will be exact in thestate

UNLESS 9s is not egul to 2 or we have non zero ANOMALOUS MAGNETIC

IMENT

MIA Em 8s 2 Se no as 821 Flo o
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So how we have a motivatio to redo all the calculation but now we add
informations

1 Coop Corrections

We knew the width

Wefactonzethishe
TI

2nd we used 8 2nd so Faca 1 independent of p

Vow let's see the new TILPP p

Art
È p

Using Feynman Riles in 3 1 gauge

here no il cause we factonze it before

1cal _i ehi e

Lip
with NE 8C mi Pt mito

For the Denominator we should use the trick

Iz P DÌ dβ why 2
β

decettinfiggy α

andremove the 2
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Then

DUB Z X 2 Bly211 and for us 2 Katie

Hence
D Katie PIKI m E β ptKI.me E

For large KE we can reevaluate our integral

PIKE È LEI In a o for o Divergent

Intresting This divergencedoesnot dependon p

Let's take a closer look at thisdivergencehere

We can spht the VERTEX CORRECTION in an on shell and off shell part

ftp.PY 1 PP 118,81 TIPPI EletIII
p P P TÙIPPI

Let's now rewrite the fermion propagator to where the divergencehits

1 m'MÉFEIFFI ftpfIt.ILfItvapoweroef
rikusedhere t

So the first term of this expansion leads to the logaritmica divergence of the loopintegerlageK

NCONTRAST the reminder ofthe expansion thatvanishes for pl p q o contains additional

powers of 11k and this is convergent
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Hence the divergence is contained any in the on shell part of the vertex correction
while the function

µ p ppi A p.pl fIP P is FINITE

MOREOVER since
papppi E 9218 FIÉTIÈ

we can say that the divergence is confined to Fecale while Facile 0

The divergence is only connected to a quantity already presentin the classical
Lagrangian THE ELECTRIC CHARGE

So let's RENORMALIZE E

ENORMALIZATION

Let's call ebare CB the coupling constant in LB

hen

CB1 e 7 1 1

LEBITLIFE Eat

So we can make it EEL by choosing lb eze e 1 Fece oce

Lele Fece oce

Io counterterm
to add to the L

2nd so we reorganize perturbation theory in e INSTEAD of CB

EBE e ET III physical
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Let's now do thecalculation for the vertex Function
In order to avoid calculations we restrict ourselves therefore to thepart contributing to
the magnetic form Factor Facol

Because of
ppi Flop Falla 8 El

we can simplify the calculation of UCK by simply NOTCONSIDER terms proportional to 8
which do not contribute to the magneticmoment

Moreover we can consider the limit that the electrons are on shell and so the
momentum transferto thephoton qu o

On shell condition is 52512_m

D Katie 2k.pl 1m K β 2kt MX

I
K 2xk.pl apk p

Now l K xp tpp and so

12 Cap PPI è 22m 132m zappi.pl

Since 9 00 922m Zp p O wecan replace p p m 2nd so

D l catBIm

Vow we evaluate thenumerator N by changing integration venable K l
lapltppltol.se

NE 8 d m 8 atetm 8

with
1 40 β 1 BIP xp
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Vow we want to expand in powers of m

II 2mg why 8880 898 80 888

8 811 4

So it's 8 and so cannotcontribute to Elo

MIMI It's zero beease intevation over a symmetricintegration

d'le 0

81 878 14 11848441 0

Fethingalthat
o by

Febcinteghin

8 18 8

if integrate symmetrically on tip

So we can venute 4mQ'µ Q È 4m 1 B puta

D l 21 α 8 Don't care again

using M and P m on shell

4m p p 4m 2Pa
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fence

ME 2m 1 2 B 213 p pa 068 em

and so

µ ed 2 HP

We know
It 31

32 2 Istm

Ten the result
IE _LIIm 817Pa

I Fausto III

Fa d a 837 0.002169

So we discovered that 8s 2 and It's

8s 2 Facoltfalo 2 It oceh
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